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In this work we investigate the behavior of a new general class of rotating regular black holes based on a 
non-Gaussian smeared mass distribution. It is shown that the existence of a fundamental minimal length 
cures the well-known problems in the terminal phase of black hole evaporation, since we ﬁnd that there 
is a ﬁnite maximum temperature that the black hole reaches before cooling down to absolute zero, so 
that the evaporation ends up in a zero temperature extremal black hole whose mass and size depends 
on the value of the fundamental length and on the rotation parameter of the black hole. We also study 
the geodesic structure in these spacetimes and calculate the shadows that these black holes produce.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Black hole physics plays a really important role in the under-
standing of quantum gravity. Since Hawking found the thermal 
radiation emitted by a collapsing black hole using the techniques 
of quantum ﬁeld theory in a curved spacetime background [1], 
extensive studies on this area have been done from several the-
oretical view points. However, after more than forty years of in-
tensive research in this ﬁeld, various aspects of the problem still 
remain unclear. In particular, a satisfactory description of the late 
stage of the evaporation process is still missing. One of the most 
interesting proposals comes form the string/black hole correspon-
dence principle [2] which suggests that in the extreme regime of 
the late stage evaporation, stringy effects cannot be neglected. For 
example, at this stage string theory predicts that target spacetime 
coordinates become noncommuting operators on a D-brane [3,4]. 
The idea of noncommutative spacetimes was introduced by Sny-
der [5] who showed that it helps to cure the divergences in 
relativistic quantum ﬁeld theory. Recently, the interest in non-
commutative spacetimes grew due to the work of Nicolini et al. 
in which they found a noncommutative inspired Schwarzschild 
black hole [6–8]. This work was extended to include the electric 
charge [9], extra dimensions [10,11] and noncommutative black 
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SCOAP3.holes in (1 + 1)-dimensions [12], (2 + 1)-dimensions [13,14] and 
in the Randall–Sundrum braneworld model [15] were also found. 
All these solutions share the remarkable property of the existence 
of an extreme mass M0 under which no horizons are present. This 
fact gives as a result that there is a remnant after the Hawk-
ing evaporation ﬁnishes, which could, in principle, solve the so-
called paradox of black hole information loss. In all these works, 
the smeared mass is mathematically introduced by replacing the 
point-like source with a Gaussian distribution. However, in the 
work of Park [16], it is pointed out that the Gaussianity is not 
always required and that non-Gaussian smeared mass distribution 
has not been studied much so far, except for the work of Nicol-
ini [17] and the (2 +1) noncommutative black hole solutions found 
in [18] and [19]. As a deformation of the δ-function source, it is 
enough to require that the distribution has a sharp peak at the 
origin and that the integration of the distribution function gives a 
ﬁnite value, so that it always can be normalized to unity.
The main purpose of this paper is to obtain a new general 
class of rotating black hole solutions by solving Einstein equations 
in the presence of an anisotropic perfect ﬂuid based on a non-
Gaussian smeared mass distribution which include the Gaussian, 
Rayleigh, and Maxwell–Boltzmann distributions with moments n =
0, 1 and 2, respectively, and after that, to apply Newman–Janis 
algorithm to generate angular momentum. The outline of this pa-
per is as follows: in Section 2, we introduce the smeared mass 
distribution and the static regular black hole class of solutions 
of Einstein equations. We also study the thermodynamics of the 
static regular black holes to show that the evaporation process  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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towards a zero temperature remanent. In Section 3, we apply a 
modiﬁcation of the well-known Newman–Janis algorithm to gener-
ate angular momentum and to obtain a family of rotating regular 
black holes. We calculate the temperature of these black holes to 
ﬁnd a behavior that is completely similar to the obtained in the 
non-rotating case. In Section 4 we consider the geodesic structure 
of these spacetimes. Considering the null trajectories we calculate 
the shadow cast by the regular black holes presented. The shapes 
of these shadows show a clear dependence on the distribution 
type (through the value of n) and on the fundamental length . In 
particular, the behavior of the extremal black holes shows a clear 
difference in the shape of the shadow depending on the value of n. 
The ﬁnal section is for the conclusions.
Throughout this paper we use geometrized units (i.e., the grav-
itational constant G = 1 and the speed of light in vacuum c = 1).
2. Static black hole solution based on a non-Gaussian smeared 
mass distribution
The existence of a fundamental minimal length forbids matter 
to contract into a singular point. The emergence of this minimal 
length as a fundamental constant on the same ground as c or h¯, is 
a general feature of different approaches to quantum gravity [3,4]. 
The most remarkable outcomes of this idea are the disappearance 
of curvature singularities in the solutions [20], a regular behavior 
of the temperature associated to the black hole which allows to 
determine the existence of a remanent [13,21,22], and a different 
form of the relation between entropy and area of the event hori-
zon.
In this paper we will take into account the effects of the ex-
istence of a minimal length by keeping the usual form of the 
Einstein tensor in the ﬁeld equations and introducing a modiﬁed 
energy-momentum tensor as a source [20]. Speciﬁcally, it is pos-
sible to replace the point-like mass density, described by a Dirac 
δ function, with a smeared object, for example a Gaussian distri-
bution [23,24]. However, as pointed by Park [16], the Gaussianity 
is not always required, so he proposed a smeared source based on 
the Maxwell–Boltzmann mass distribution to construct a (2+ 1)
dimensional black hole. Inspired by this result, we propose the 
general mass density of a static, spherically symmetric, smeared 
particle-like gravitational source in the form
ρ (r) = Arn exp
(
− r
2
2
)
, (1)
where  is a characteristic length scale of the matter distribution 
and A is a normalization constant. This density proﬁle reproduces 
the Gaussian distribution of Nicolini et al. [6] for n = 0 and in-
cludes non-Gaussian (i.e., ring-type) distributions for higher mo-
ments, for example Rayleigh for n = 1, Maxwell–Boltzmann for 
n = 2, etc. In order to obtain the constant A, we consider the mass 
enclosed in a volume of radius r, which must be determined by 
integrating the density,
m (r) =
r∫
0
4π r˜2ρ
(
r˜
)
dr˜ = 2π An+3γ
(
n+ 3
2
; r
2
2
)
, (2)
where γ
(
n+3
2 ; r
2
2
)
is the lower incomplete gamma function. Phe-
nomenological results imply that noncommutativity is not visible 
at presently accessible energies, constraining  < 10−16 cm [6]. 
At large distances one expects minimal deviations from standard 
vacuum Schwarzschild geometry. In fact, the mass of the black 
hole M can be determined in the commutative limit  → 0 (or equivalently rl → ∞), where the lower incomplete γ function be-
comes the usual gamma function, γ
(
n+3
2 ; r
2
2
)
→ 
(
n+3
2
)
, and 
we expect that m (r) → M . This gives the normalization constant 
A = M
2π
(
n+3
2
) 1
n+3 and therefore the density distribution becomes
ρ (r) = M
2π
(
n+3
2
) rn
n+3
exp
(
− r
2
2
)
, (3)
which shows that the black hole mass M , instead of being perfectly 
localized at a single point, is diffused through a region of linear 
size .
Before solving the ﬁeld equations we will deﬁne completely the 
energy-momentum tensor. In order to do it, we consider the co-
variant conservation condition Tμν;ν = 0 which, for a spherically 
symmetric metric is
∂r T
r
r = −1
2
g00∂r g00
(
T rr − T 00
)
− gθθ ∂r gθθ
(
T rr − T θ θ
)
. (4)
We want to preserve the Schwarzschild-like property g00 =
−g−1rr , so we require T rr = −T 00 = ρ (r). Therefore, the divergence 
free equation allows a solution for T θ θ which reads
T θ θ = −ρ (r) − r
2
∂rρ (r) . (5)
Note that, rather than a massive structureless point, the 
proposed source turns out to be a self-gravitating, droplet of
anisotropic ﬂuid of density ρ , radial pressure pr = −ρ and tan-
gential pressure
p⊥ = −ρ − r
2
∂rρ (r) . (6)
The equations involving the energy-momentum tensor turn out 
to mean that, on physical grounds, there is a non-vanishing radial 
pressure balancing the inward gravitational pull and thus, prevent-
ing the collapse of the droplet into a matter point. This is precisely 
the physical effect on matter caused by the existence of a funda-
mental length in spacetime and is the origin of all new physics at 
short distance scales.
In order to obtain a black hole solution, we solved the Einstein 
equations
Gμν = Rμν − 12 g
μ
ν R = 8π Tμν (7)
with (3) as the matter source and using the line element
ds2 = f (r)dt2 − dr
2
f (r)
− r2
(
dθ2 + sin2 θdφ2
)
. (8)
This gives the function
f (r) = 1− M
4πr
(
n+3
2
)γ (n+ 3
2
,
r2
2
)
, (9)
which is the same result obtained by simply substituting the mass 
function (2) into the mass term of Schwarzschild metric. Therefore 
the classical Schwarzschild metric is obtained from this solution in 
the limit r

→ ∞.
The line element (8) describes a regular black hole and should 
gives us useful insights about possible spacetime noncommutativ-
ity effects on Hawking radiation. Possible horizon(s) of this solu-
tion can be obtained by solving the equation f (r) = 0, that is
rH = M
4π
(
n+3
2
)γ
(
n+ 3
2
,
r2H
2
)
. (10)
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by plotting f (r) one can determine numerically the existence of 
horizon(s) and their radius by reading the intersections with the 
r-axis. From Fig. 1 is easy to note that the smeared mass distribu-
tion introduces new behavior with respect to Schwarzschild black 
hole. In fact, instead of a single event horizon, for each value of n
in f (r), there are three different possibilities:
1. two distinct horizons for M > M0;
2. one degenerate horizon in r0, corresponding to an extremal 
black hole;
3. no horizon for M < M0.
Therefore, we conclude that there is no black hole if the orig-
inal mass is less than the minimal mass M0 which depends on 
the value of the length  and on the exponent n. Furthermore, 
contrary to the usual Schwarzschild black hole, there can be two 
horizons for large masses. It also can be seen that for M  M0, the
inner horizon shrinks to zero while the outer one approaches the 
Schwarzschild horizon, located at rS = 2M .
2.1. Thermodynamics
The temperature associated with the black hole is given by
T =
(
1
4π
df
dr
)
r=rH
= 1
4πrH
⎡
⎢⎢⎣1− 2 r
n+3
H
n+3
e
− r
2
H
2
γ
(
n+3
2 ,
r2H
2
)
⎤
⎥⎥⎦ , (11)
where we have used the derivative of the lower incomplete gamma 
function and Eq. (10) to write M in terms of rH . It is clear that the 
second term inside the brackets is the correction arising from the 
smeared distribution. For large black holes, i.e., 
r2H
2
 1, Eq. (11)
recovers the standard Hawking temperature for the Schwarzschild 
black hole,
TH = 1
4πrH
. (12)
In Fig. 2 we plot the temperature (11) as a function of rH and 
we ﬁnd that at the initial state of evaporation the black hole tem-
perature increases while the horizon radius is decreasing. Here, the 
interesting point is to investigate what happens as we reach the 
ﬁnal state of the process, i.e., when rH → . As is well-known, in 
the standard case the Hawking temperature TH diverges as M → 0, 
or equivalently rH → 0. However, in our solution the temperature 
(11) deviates from the standard hyperbola (12) and instead of ex-
ploding, it reaches a maximum value and then it quickly drops to 
zero for rH = r0, leaving a frozen extremal black hole. In the region 
rH < r0 there is no black hole, because physically T cannot be neg-
ative. As is easily observed, the Hawking paradox is circumvented 
by the smeared mass distribution.
2.2. Curvature scalars
We approach the regularity problem of the solution by studying 
the behavior of two curvature scalars, the Ricci scalar R = gμν Rμν
with Rμν the Ricci tensor, and the Kretschmann invariant K =
Rμνρσ Rμνρσ with Rμνρσ the Riemann tensor. For our black hole 
solution, these invariants are
R = M
2π
(
n+3) r
n
n+3
e
− r2
2
[
2
r2
2
− (n+ 4)
]
(13)2Fig. 1. f (r) vs r

, for various values of n. Intercepts on the horizontal axis give radii 
of the event horizons. Panel a) shows the Gaussian distribution, n = 0, panel b) cor-
responds to the Rayleigh distribution, n = 1 and panel c) is the Maxwell–Boltzmann 
distribution, n = 2. In all cases the continuous line represents a black hole with two 
horizons, M > M0, the dashed line corresponds to the extreme black hole with one 
degenerate horizon, M = M0, and the dotted line shows a solution with no hori-
zons M < M0. The speciﬁc value of M0 depends on the value of the length  and 
on the exponent n.
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
, for different values of n. Intercepts on the horizontal axis 
give radii of the event horizon of the extremal black hole. n = 0 (Gaussian distri-
bution, dot-dashed curve), n = 1 (Rayleigh distribution, dashed curve) and n = 2
(Maxwell–Boltzmann distribution, dotted curve). For comparison, we also plotted 
the standard Hawking temperature of Schwarzschild black hole, continuous curve. 
All temperatures coincide for rH

 1.
and
K =
⎛
⎝ M
2π
(
n+3
2
)
⎞
⎠
2
{
3
r6
γ 2
(
n+ 3
2
,
r2H
2
)
+ 2γ
(
n+ 3
2
,
r2H
2
)
[
(n− 2) − 2 r
8
2
]
rn−3
n+3
e
− r2
2
+
[
n2 + 4− 4n r
2
2
+ 4 r
4
4
]
r2n
2n+6
e
−2 r2
2
}
. (14)
For M = 0, these invariants are regular everywhere, including 
the point r = 0. In fact, both invariants vanish at the origin for all 
values of n except in the case n = 0, for which the invariants take 
a constant value (see Fig. 3).
3. Rotating black holes
The Newman–Janis algorithm [25,26] is a short cut to obtain 
spinning black hole solutions from the corresponding non-rotating
ones. According to Drake and Szekeres [27], this algorithm works 
for vacuum solutions or for solutions with a Maxwell source. It is 
clear that our black hole (8) is not a vacuum solution, since Ein-
stein equations have an anisotropic ﬂuid as source, and therefore 
the application of the Newman–Janis procedure is not straightfor-
ward. However, Modesto and Nicolini [28] provide a prescription to 
include non-vanishing stress-energy tensors and, using this modi-
ﬁcation of the algorithm, we will ﬁnd a general rotating family of 
black holes based on the smeared mass distribution (3).
Beginning with the line element (8), we change to the outgoing 
Eddington–Finkelstein coordinates {u, r, ϑ,φ}, where u = t− r∗ and 
dr∗ = drf (r) , to obtain the metric
ds2 = f (r)du2 + 2dudr − r2
(
dθ2 + sin2 θdφ2
)
. (15)Fig. 3. a) Plot of the Ricci invariant R as function of the radial coordinate r

. b) Plot 
of the Kretschmann invariant K as function of the radial coordinate r

. The graph-
ics show the behavior of the invariants near r = 0 for different values of n. In both 
ﬁgures the Gaussian distribution n = 0, is the continuous curve, the Rayleigh distri-
bution n = 1, is the dashed curve and the Maxwell–Boltzmann distribution n = 2, 
corresponds to the dotted curve.
This metric is written in terms of null tetrad vectors as
gμν = lμnν + lνnμ − kμk¯ν − kν k¯μ, (16)
where the tetrad vectors are
lμ = δμ1 , (17)
nμ = δμ0 −
1
2
f (r) δμ1 , (18)
kμ = 1√
2r2
[
δ
μ
2 +
i
sin θ
δ
μ
3
]
, (19)
satisfying the relations lμlμ = kμkμ = nμnμ = lμkμ = nμkμ = 0
and lμnμ = −kμk¯μ = 1, with k¯ the complex conjugate of k. The 
following step in the Newman–Janis algorithm is to perform the 
complex increment{
r → r′ = r + ia cos θ
u → u′ = u − ia cos θ (20)
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in [28], if we start from the case  = 0, the metric (8) coincides 
with the Schwarzschild solution, i.e., the mass function (2) be-
comes m(r) = M , and the usual algorithm can be followed. Note 
that in this case the mass term in unaffected by the complexiﬁca-
tion (20) and it is assumed that [27]
1
r

→ 1
2
(
1
r′
+ 1
r¯′
)
= r
r2 + a2 cos2 θ . (21)
Therefore, the proposal for the complexiﬁcation of the function 
f (r) given in Eq. (9) is to make m (r) →m [Re (r′)]=m (r) which 
gives the prescription
f (r) = 1− 2m (r)
r
→ 1− 2m [Re (r′)][1
2
(
1
r′
+ 1
r¯′
)]
= 1− 2m (r) r
r2 + a2 cos2 θ = F (r, θ) , (22)
or writing the obtained function in terms of the gamma functions,
F (r, θ) = 1− M
4π
(
n+3
2
) r
r2 + a2 cos2 θ γ
(
n+ 3
2
,
r2
2
)
. (23)
Once we have done this step, the tetrad vectors are
lμ = δμ1 , (24)
nμ = δμ0 −
1
2
F (r, θ) δμ1 (25)
and
kμ = 1√
2
(
r2 + a2 cos2 θ)
[
ia sin θ
(
δ
μ
0 − δμ1
)+ δμ2 + isin θ δμ3
]
,
(26)
from which the metric of the new rotating regular black hole can 
be read in Boyer–Lindquist coordinates,
ds2 = F (r, θ)dt2 − dr
2
a2 sin2 θ + F (r, θ)
+ 2 (1− F (r, θ))a sin2 θdtdφ − dθ2
−
[
a2 (2− F (r, θ)) sin2 θ + 
]
sin2 θdφ2, (27)
where
 = r2 + a2 cos2 θ. (28)
Introducing the quantity
 = F (r, θ) + a2 sin2 θ = r2 − 2m (r) r + a2, (29)
we write the new metric in the usual form
ds2 =  − a
2 sin2 θ

dt2 − dr
2

− dθ2
−
[
 + a2 sin2 θ
(
2−  − a
2 sin2 θ

)]
sin2 θdφ2
+ 2a sin2 θ
(
1−  − a
2 sin2 θ

)
dtdφ. (30)
Note that this metric recovers the rotating noncommutative in-
spired black hole reported by Smailagic and Spallucci [29] by tak-
ing n = 0.Horizons correspond to the solutions of the equation  (rH ) = 0, 
i.e.,
r2H −
MrH
4π
(
n+3
2
)γ
(
n+ 3
2
,
r2H
2
)
+ a2 = 0, (31)
which cannot be solved explicitly. Therefore, we solve Eq. (10) for 
the mass parameter M (rH ) as function of the horizon radius rH . 
The plot is given in Fig. 4 in  = 1 units, for the cases n = 0, 1, 2
and for different values of the spin parameter a. The intersection 
of each curve with the line M = constant determines the posi-
tion of the horizon(s). Note that the minimum corresponds to the 
extremal black hole conﬁguration and that increasing the spin pa-
rameter a lifts the minimum upwards.
In Fig. 5 we show the parameter space for the metrics with 
n = 0, 1 and 2 together with the curves corresponding to the ex-
treme black hole conﬁgurations in each case. This curve deﬁnes in 
all cases the boundary between the region in which black holes 
have two horizons (below) and the region in which they posses 
none (above). The extreme solution is obtained by numerically 
solving the equations  = 0 and ∂r = 0. Thus, using this plot, 
it is straightforward to read the maximum spin amax possible for a 
ﬁxed value of  in order to obtain a solution with horizons. In the 
rest of the paper, we will focus only on black holes with horizons, 
i.e., with spins in the range 0 ≤ a ≤ amax .
3.1. Thermodynamics
Now we face the problem of the temperature associated with 
these black holes. It is given in terms of the surface gravity κ as
T = κ
2π
. (32)
This time, the surface gravity must be calculated through the 
relation
κ2 = −1
2
∇μψν∇μψν (33)
where ψμ are null Killing vectors. Since our solution is axisym-
metric we will propose the Killing vector
ψμ = ξμ + ζμ, (34)
with ξμ = ∂t and ζμ = ∂φ the Killing vectors associated with time 
translation invariance and rotational invariance, respectively. The 
angular velocity  can be obtained by imposing ψ to be null,
ψμψ
μ = 0= gtt + 2gtφ + gφφ2 (35)
from which
 = −ω ±
√
ω2 − gtt
gφφ
(36)
where we deﬁned
ω = gtφ
gφφ
. (37)
For our metric (30),  is
 = −ω ± 
√
{
2 +
[
2 −
(
 − a2 sin2 θ
)]
a2 sin2 θ
}
sin θ
(38)
A. Larranaga et al. / Physics Letters B 743 (2015) 492–502 497Fig. 4. Plot of the function M (rH ) for various values of n and a in units with  = 1. 
f (r) vs r

, for various values of n. The intersections of these curves with the line 
M = constant determines the position of the horizons. Panel a) shows the Gaussian 
distribution, n = 0, panel b) corresponds to the Rayleigh distribution, n = 1 and 
panel c) is the Maxwell–Boltzmann distribution, n = 2. In all cases, the minimum 
of the curve corresponds to the extremal black hole conﬁguration.
Fig. 5. The parameter space describing our regular black holes. The curves corre-
sponds to the extremal conﬁguration for three values of n, characterized by having 
the maximum value of spin a = amax for a given  and the presence of one degen-
erate horizon. Below this line, black holes have two horizons while conﬁgurations 
above the curve have no horizons.
with
ω = −
a
[
 −
(
 − a2 sin2 θ
)]
2 +
[
2 −
(
 − a2 sin2 θ
)]
a2 sin2 θ
. (39)
At the event horizon we obtain the angular velocity of the black 
hole,
H = a
r2H + a2
. (40)
Using this null Killing vector, we calculate the surface gravity 
at the horizon and the temperature associated to the black hole 
results to be
T = rH
4π
(
r2H + a2
)
⎡
⎢⎢⎣1− a2r2H −
(
r2H + a2
)
rn+1H
n+3
2e
− r
2
H
2
γ
(
n+3
2 ,
r2H
2
)
⎤
⎥⎥⎦ .
(41)
In Fig. 6, we see that the proﬁle of the temperature is roughly 
equivalent to that of the non-rotating solution. After a temperature 
maximum, the black hole cools down to a zero temperature black 
hole remanent ﬁnal state. Note that the ﬁgure shows how the size 
and the mass of this remanent is increased with respect to the 
non-rotating case. This can be understood by remembering that 
this time the rotational kinetic energy is also stored in the ﬁnal 
conﬁguration. However, the present analysis does not take into ac-
count the loss of angular momentum due to the Hawking emission 
and the consequent transition into a Schwarzschild phase. This im-
plies that the evaporation of our rotating black holes is a multi 
phase process.
3.2. Curvature invariants
To study the regularity of the rotating black hole we calculate 
the Ricci R(rot) and Kretschmann K(rot) scalars. This time, the two 
invariants are regular in the point r = 0, θ = π2 for all positive 
values of n, but they are discontinuous (they assume two different 
values depending of the way one reaches that point, as in [28]).
498 A. Larranaga et al. / Physics Letters B 743 (2015) 492–502Fig. 6. Temperature of the rotating black holes as functions of the horizon radius for 
different values of n and a. The behavior is the same as in the non-rotating case but 
rotation has the effect of increasing the values of the mass and size of the black hole 
remanent. Panel a) shows the Gaussian distribution, n = 0, panel b) corresponds to 
the Rayleigh distribution, n = 1 and panel c) is the Maxwell–Boltzmann distribution, 
n = 2.
If we approach the origin moving on the plane θ = π2 , we ﬁnd 
a regular rotating de Sitter-like geometry for n ≥ 0 because the 
invariants have the values
lim
r→0
[
lim
θ→ π2
R(rot)
]
=
{
− 2M
π3/23
for n = 0
0 for n > 0
(42)
and
lim
r→0
[
lim
θ→ π2
K(rot)
]
=
{
4
3
M2
π36
for n = 0
0 for n > 0.
(43)
In order to clarify this behavior, note that the metric (30) can 
be expanded for small r and keeping θ = π2 as
ds2 =
(
1− (n)
3
rn+2
)
dt2 − r
2dr2
r2 + a2 − r
2dθ2 (44)
+ 2a(n)
3
rn+2dtdφ
−
[
r2 + a2 − (n)
3
a2rn+2
]
dφ2 (45)
where
(n) = 3M
2π (n+ 3)
(
n+3
2
) 1
n+3
,
and it corresponds to a rotating de Sitter geometry for n = 0.
On the other hand, if we approach the origin along an arbitrary 
plane, i.e., r → 0 with θ = π2 , we reach the equatorial disk and 
since there is no matter, we obtain the invariants
lim
θ→ π2
[
lim
r→0 R(rot)
]
= 0 (46)
and
lim
θ→ π2
[
lim
r→0 K(rot)
]
= 0. (47)
4. Null geodesics and the shadows of regular black holes
In this section we will study the behavior of null geodesics and, 
in particular, we are going to calculate the shape of the shadows 
produced by our regular black holes. For the sake of maintaining a 
uniform notation, we will follow as much as possible the conven-
tions of [30]. The general geodesic structure is discussed in detail 
in Appendix A.
We start by introducing the following two conserved parame-
ters ξ and η, as follows
ξ = Lz
E
(48)
and
η = Q
E2
, (49)
where E , Lz and Q are the energy, the angular momentum and the 
Carter-like constant, respectively. From (A.2) we obtain the equa-
tions of motion for the geometry (30) as

dr
dλ
= ±√R, (50)

dθ = ±√, (51)
dλ
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photons, we take the proper mass μ = 0 to obtain
R :=
(
r2 + a2 − aξ
)2 − I (52)
 := I − (a sin θ − ξ csc θ)2 , (53)
where I is
I (ξ,η) := η + (a− ξ)2 . (54)
Note that, from Eqs. (50) and (51), functions R and  must be 
non-negative. In particular, the restriction for  implies that the 
pair of (ξ,η) must satisfy the constraint I ≥ 0. The critical orbit 
for photons, which provides the boundary of the shadow of the 
collapsed object, is given by the conditions
R (r) = 0, dR (r)
dr
= 0, (55)
with the additional restriction that there exists some interval 
I (⊂ [0,π ]) in which
(θ) ≥ 0 for θ ∈ I. (56)
The solution of Eqs. (55) gives the radius of the photon sphere, 
r = rsph . Although this orbit is three-dimensional and could be very 
complicated, it stays at the same radius [30]. The spherical orbits 
form a one-parameter family and adopting rsph as the “parameter” 
we ﬁnd two conserved quantities,
ηsph =
r3
{
4ma2 (2− f ) − r [r − (4− f )m]2
}
a2 (r −mf )2
∣∣∣∣∣∣
r=rsph
(57)
ξsph =
m
[
(2− f ) r2 − a2 f ]+ r (r2 − 2mr + a2)
a (r −mf )
∣∣∣∣∣
r=rsph
, (58)
where
f (r) = 1+ r
m
dm
dr
and
dm
dr
= 2M

(
n+3
2
)
0
(
r
0
)n+2
e
−
(
r
l0
)2
.
The parameter rsph is constrained by the condition (56) or (54), 
which can be written as
−r3
[
r
{(
r
[
1+m′ (r)]− 3m (r))2}+ 4a2 {rm′ −m}]∣∣∣
r=rsph
≥ 0.
(59)
Since there is not a suﬃcient condition for the existence of 
a spherical orbit (see Ref. [30] and references therein), when we 
draw the shadow of collapsed object, we checked numerically 
whether the solution of (55) satisﬁes the condition (59).
Before discussing the shapes of the shadows it is important to 
write the condition for stability of the spherical photon orbit. As-
suming there exists a spherical orbit at the radius rsph , we ﬁnd that 
the condition for the orbit to be unstable is
d2R (rsph)
dr2
> 0 (60)
or in terms of the conserved quantities,
6r2 + r d
2m
dr2
[
η + (ξ − a)2
]
− 2a (ξ − a) −
(
1− 2dm
dr
)[
η + (ξ − a)2
]∣∣∣∣
r=r
> 0, (61)
sphFig. 7. Shadows of our regular rotating black holes when there are two horizons 
and for the distributions with n = 0, 1 and 2. The celestial coordinates (α,β) are 
measured in the unit of the black hole mass M . In each plot we consider the spins 
a = 0, 0.3M , 0.5M and the extreme value a = amax . In all cases we considered an 
inclination of i = π2 .
where
d2m
dr2
= 2Mr

(
n+3
2
)
20
(
r
0
)n+1
e
−
(
r
0
)2 [
(n+ 2) − 2
(
r
0
)2]
.
(62)
Assuming the light sources exist at inﬁnity and are distributed 
uniformly in all directions, the shadow is obtained by solving the 
scattering problem of photons injected form any points at inﬁnity 
with any and every impact parameter. We assume that the ob-
server stays at inﬁnity with inclination i, deﬁned as the angle be-
tween the rotation axis of the collapsed object and the observer’s 
line of sight. The celestial coordinates (α,β) of the observer are 
the apparent angular distances of the image on the celestial sphere 
measured in the directions perpendicular and parallel to the pro-
jected rotation axis onto the celestial sphere, respectively [30]. 
These celestial coordinates are related with the two conserved pa-
rameters by
α (ξ,η, i) = −ξ csc i, (63)
β (ξ,η, i) =
√
η + a2 cos2 i − ξ2 cot2 i. (64)
Every orbit can be characterized by the constants of motion ξ
and η, and the set of unstable circular orbits (ξc , ηc) can be used to 
plot a closed curve in the αβ plane which represents the boundary 
of the black hole shadow using Eqs. (63), (64), (57) and (58) and 
considering the light rays emitted at inﬁnity, which will be either 
captured by the black hole or scattered back to inﬁnity.
In the nonrotating case, where the spin parameter a = 0, all of 
our black holes have circular shadows with radius
R =
√
α2 + β2 = rsph(
mf − rsph
)√2(m2 f 2 − 4m2 f + r2sph). (65)
In the general relativity limit,  → 0 or equivalently m → M and 
f → 1, we have rsph → 3M and the radius of the shadow repro-
duces the Schwarzschild result R → Rs = 3
√
3 (see, for instance, 
Ref. [31]).
For rotating black holes, the photon sphere radii is different 
for co-rotating and counter-rotating orbits because photons com-
ing from both sides of the black hole will have different values for 
the deﬂection angle. Therefore, the shape of the shadow is a de-
formed circle as shown in Fig. 7, depending on the parameters n
and  as well as on the inclination angle i. In all cases, a low spin 
parameter a, i.e., a slow rotating black hole, produces a shadow 
that is approximately a circle, while fast rotating black holes pro-
duce shadows that deviate signiﬁcantly from a circle. Although we 
500 A. Larranaga et al. / Physics Letters B 743 (2015) 492–502Fig. 8. Shadows of our regular black holes for different distributions, labeled by n = 0, 1, 2 and 3, in the extreme case which is characterized by the maximum value of spin 
a = amax . The celestial coordinates (α,β) are measured in the unit of the black hole mass M . We considered the particular values  = 0.7M and i = π2 .only show the shadows for an inclination of i = π2 , the deviation of 
the shape form the circle decreases with a smaller inclination an-
gle. The plots for the distribution n = 0 coincide with the reported 
shadows of non-commutative black holes presented in [32].
In Fig. 8 we show the shadows of the extreme black holes, 
characterized by the maximum value of spin a = amax , for the dis-
tributions labeled by n = 0, 1, 2 and 3. In each case the shadow is 
a deformed circle due to the spin and its center moves to the left 
as increasing the value of n.
5. Conclusions
We have shown that the introduction of smeared mass distri-
butions in general relativity as the matter source, inspired by the 
existence of a fundamental minimal length, gives a general fam-
ily of regular black holes that reproduces, as special cases, the 
Gaussian distribution of Nicolini et al. [6] for n = 0 and includesnon-Gaussian (i.e., ring-type) distributions for higher moments, for 
example Rayleigh for n = 1, Maxwell–Boltzmann for n = 2, etc. The 
energy-momentum tensor needed for this description is that of 
an ideal ﬂuid and requires a non-trivial pressure. By applying a 
modiﬁcation of the Newman–Janis algorithm we provide angular 
momentum to the solutions, obtaining the rotating counter part of 
these static solutions.
We also investigate the temperature of our regular black holes 
based on a smeared mass distribution to show that in both cases, 
rotating and non-rotating, there is a maximum value that the black 
hole can reach before cooling down to absolute zero correspond-
ing to an extreme back hole remanent. The size of this remanent 
depends on the value of the minimal length , on the value of 
the exponent n in the mass distribution and on the value of the 
spin parameter a. Therefore, we conclude that the smeared source 
regularizes divergent quantities in the ﬁnal stage of black hole 
evaporation (in the same way that the noncommutativity approach 
regularizes UV inﬁnities in quantum ﬁeld theory).
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and Kretschmann) to show that they do not present singularities, 
at least for indices n ≥ 0. This fact, together with the existence of 
the residual mass M0 in the evaporation process, are both mani-
festations of the de-localisation of the source.
Finally, we calculated the geodesic structure in these metrics 
and considering the null case we obtained the shadows cast by 
the regular black holes. For the non-rotating case, the shadows are 
simple circles while for rotating black holes, the photon sphere 
radii is different for co-rotating and counter-rotating orbits pro-
ducing shadows with the shape of deformed circles, depending on 
the parameters n and  of the distribution as well as on the incli-
nation angle i. Our calculation shows that in all cases, a low spin 
parameter a, i.e., a slow rotating black hole, produces a shadow 
that is approximately a circle, while fast rotating black holes pro-
duce shadows that deviate signiﬁcantly from a circle.
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Appendix A
In this appendix we will obtain the geodesic equations in the 
geometry (30). In contravariant form, this metric can be written as
gαβ∂α∂β = 1

[(
r2 + a2
)
∂t + a∂φ
]2
− 1
 sin2 θ
[
∂φ + a sin2 θ∂t
]2
− 

∂2r −
1

∂2θ . (A.1)
It is clear that general stationary and axisymmetric metrics are 
of Petrov type I and admit two constants of motion which are 
identiﬁed with the energy E and axial angular momentum Lz . 
However, the Kerr metric in general relativity and our metric de-
scribing a regular black hole are of Petrov type D due to the exis-
tence of a third constant of motion. In order to found this constant 
we will follow the procedure of Carter [33], who found it by solv-
ing explicitly the Hamilton–Jacobi equations,
∂ S
∂λ
= 1
2
gαβ
∂ S
∂xα
∂ S
∂xβ
. (A.2)
We will use a Hamilton function of the form
S = 1
2
μ2λ − Et + Lzφ + Sr (r) + Sθ (θ) (A.3)
where λ is an aﬃne parameter and μ is the rest mass of a test 
particle on a geodesic orbit. Replacing in (A.2), the Hamilton–Jacobi 
equations become
μ2 = 1

[(
r2 + a2
)
E + aLz
]2
− 1
sin2 θ
[
Lz + aE sin2 θ
]2
− 
(
dSr
dr
)2
−
(
dSθ
dθ
)2
, (A.4)
which can be separated by introducing a constant K such that
K = −r2μ2 + 1
[(
r2 + a2
)
E + aLz
]2 − (dSr )2 (A.5)
 drand
K = μ2a2 cos2 θ + 1
sin2 θ
[
Lz + aE sin2 θ
]2 +(dSθ
dθ
)2
. (A.6)
Hence, the Hamilton–Jacobi equation is separable in all four 
coordinates, making geodesic motion integrable and we can we de-
ﬁne a Carter-type constant by the relation
Q= K − (Lz − aE)2 . (A.7)
Then, the formal solution of the problem is given by the inte-
grals
Sr (r) = ±
∫
dr
1

√
R (r) (A.8)
Sθ (θ) = ±
∫
dθ
√
(θ) (A.9)
where
R (r) = P2 − 
[
μ2r2 + (Lz − aE)2 +Q2
]
(A.10)
(θ) =Q+ (Lz − aE)2 −μ2a2 cos2 θ
− 1
sin2 θ
(
Lz − aE sin2 θ
)2
(A.11)
and we have deﬁned
P =
(
r2 + a2
)
E − aLz. (A.12)
Setting the partial derivatives of the Hamilton–Jacobi function 
with respect to the constants of motion equal to zero we found 
the integral relation∫
dr√
R (r)
=
∫
dθ√
(θ)
(A.13)
as well as some useful expressions for the proper time τ and for 
the coordinates t and φ,
τ =
∫
r2√
R (r)
dr +
∫
a2 cos2 θ√
(θ)
dθ (A.14)
t =
∫
a(Lz − aE) +
[(
r2 + a2) E − aLz] (r2 + a2)

√
R (r)
dr
+
∫ a (aE − Lz) + a [Lz − aE sin2 ϑ]√
(θ)
dθ (A.15)
and
φ =
∫
a(Lz − aE) + a
[(
r2 + a2) E − aLz]

√
R (r)
dr
+
∫ aE − Lz + csc2 θ [Lz − aE sin2 ϑ]√
(θ)
dθ. (A.16)
The particle’s 4-momentum is given by the expression
pα = μdx
α
dτ
(A.17)
and hence, from the partial derivatives of the Hamilton–Jacobi 
function with respect to the proper time and with respect to 
the coordinates, we obtain the relations between the momentum
502 A. Larranaga et al. / Physics Letters B 743 (2015) 492–502components and the constants of motion,
μE = −pt (A.18)
μLz = pφ (A.19)
Q= p2θ − (Lz − aE)2 +μ2a2 cos2 θ
+ 1
sin2 θ
(
Lz − aE sin2 θ
)2
. (A.20)
Finally, we write the equations of motion for the test particle 
as

dt
dτ
= −a
[
aE sin2 ϑ − Lz
]
+ (r
2 + a2)P


dr
dτ
= ±√R (r)

dϑ
dτ
= ±√(θ)

dφ
dτ
= −
[
aE − Lz
sin2 θ
]
+ aP

.
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